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Abstract. We extend the results given by Colbois, Dryden and El 
Soufi on the relationships between the eigenvalues of the Laplacian and 
an extrinsic invariant called intersection index, in two directions. First, 
we replace this intersection index by invariants of the same nature which 
are stable under small perturbations. Second, we concern complex sub- 
manifolds of the complex projective space CP^ instead of submanifolds 
of R'^. We obtain an upper bound depending only on the degree of the 
submanifold and which is sharp for the first non-zero eigenvalue. 



1. Introduction and statement of the results 

The investigation of the relationships between the extrinsic geometry of 
submanifolds and the spectrum of the Laplace-Beltrami operator is an im- 
portant topic of spectral geometry. The purpose of this paper, inspired by 
the recent work of Colbois, Dryden and El Soufi, is to give upper bounds 
for the eigenvalues of the Laplacian in terms of some extrinsic data. The 
Laplace-Beltrami operator A consists a nondecreasing sequence of positive 
real numbers 

= Ai < A2 < • • • < Afe < • • • / C30. 

Colbois, Dryden and El Soufi [6j study the relation between an extrinsic in- 
variant of submanifolds of M^, called the intersection index, and the eigen- 
values of the Laplace-Beltrami operator. For a compact m-dimensional im- 
mersed submanifold M of = M''""'"^, p > 0, the intersection index is given 
by 

i{M) = suptt(Mnn), 
n 

where 11 runs over the set of all p-planes that are transverse to M ; if M is not 
embedded, we count multiple points of M according to their multiplicity. 
We remark that the intersection index was also investigated by Thom [3] 
where it was called the degree of M. 

In [6], Colbois, Dryden and El Soufi show that there is a positive constant 
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c{m), depending only on m, such that for every compact m-dimensional 
immersed submanifold of M™'"*"^, we have the following inequality 



Moreover, the intersection index in the above inequality is not replaceable 
with a constant depending only on the dimension m. Even for hypersur- 
faces, the first positive eigenvalue cannot be controlled only in terms of the 
volume and the dimension (see [Gj Theorem 1.4]). 

An immediate consequence of Inequality ([T|) is the fact that for convex hy- 
persurfaces, the normalized eigenvalues are bounded above only in terms of 
the dimension. Another remarkable consequence of Inequality ([1|) concerns 
algebraic submanifolds O Corollary 4.1]: Let M be a compact real algebraic 
manifold, i.e. M is a zero locus of p real polynomials m m + p variables of 
degrees Ni, . . . , Np. Then 



Note that Inequality ([T]) is not stable under ^^smalF perturbations, since the 
intersection index might dramatically change. 

In this paper, we extend the work of Colbois, Dryden and El Soufi in two 
directions. The first one consists in replacing the intersection index i{M) by 
invariants of the same nature which are stable under small perturbations. 
The second direction concerns complex submanifolds of the complex projec- 
tive space CP^ . 

First part. Let e < 1 be a positive number. By a e-small perturbation, 
we mean any perturbation in a region D C M whose measure is at most 
equal to eVol(M). To avoid any technical complexity, we assume that M\D 
is a smooth manifold with smooth boundary. Here, we define new notions 
of intersection indexes which are stable under any e-smal perturbation. Let 
G be the Grassmannian of all m-vector spaces in M™"'"*' endowed with an 
invariant Haar measure with total measure 1. Let < e < 1 and D be 
any open subdomain of M such that M \ D is a smooth manifold with 
smooth boundary and Yo\{D) < eVol(M). We denote M \ D hy and 
supp_Lj/ ^{M^ n P) by iniM^), where P is an affine p-plane orthogonal to 
H. We now define the e-mean intersection index as follows: 



where D runs over regions whose measure is smaller than eVol(M) and M\D 
is a smooth manifold with smooth boundary. 

Similarly, for r > 0, we define the {r,e)-local intersection index as: 
f^{M) := inf sup / i/f(Mf n B{x,r))dH, 

where B{x,r) C M™^^ is an Euclidean ball centered at x and of radius r 
and D runs over regions whose measure is smaller than eVol(M) and M\D 



Afc(M)Vol(M)2/™ < c{m)i{Mf/"'k'^/' 



(1) 



Afc(M)Vol(M)2/™ < c(m)iVf/'" • • • TV^/^A;^/^ 



(2) 
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is a smooth manifold with smooth boundary. 
We can now state our theorem. 

Theorem 1.1. There exist positive constants Cm,Oim and depending only 
on m such that for every compact m-dimensional immersed submanifold M 
^yj^m+p every k € N* and e > 0, we have 

\,{M) Vol{Mf/^ < c„-^!M^A;2/-, (3) 



and 

A.(M) < + P,. ^ (^-^ j ^ (4) 

The main feature of the inequaUties of Theorem 11.11 is the fact that the 
upper bounds are not considerably affected by the presence of a large inter- 
section index in a "small" part of M (i.e. a subdomain with small volume). 
In particular, for a compact hypersurface of M™"*"^ which is convex outside 
a regiorQ D of measure at most eVol(M), one has i^(M) < i{Mfj) and then 

o2/m 

A,(M)Vol(M)2/- < ^mj:^—^k'^-. 

We note that one also has Inequality ([2]) when M is a algebraic polynomial 
outside of a region D of measure at most eVol(M). 

Second part. We study another natural context where algebraic sub- 
manifolds can be considered which is the complex projective space CP^ . 
According to Chow's Theorem (|10j). every complex submanifold M of CP^ 
is a smooth algebraic variety, i.e. it is a zero locus of a family of complex 
polynomials. We obtain the following upper bound for complex submani- 
folds of CP^ endowed with Fubini-Study metric . 

Theorem 1.2. Let he an m-dimensional complex manifold admitting 
a holomorphic immersion (t):M^ CP^. Then for every G N* we have 

Xk+iiM, (k*gps) < 2("i + l)(m + 2)A;m - 2m(m + 1). (5) 

In particular, one has Inequality ([5]) for every complex submanifold of 
CP^. Note that the power of k is compatible with the Weyl law. 
Under the assumption of Theorem 11.21 for k = 1, one has 

A2(M,</.*5^,) <4(m + l), (6) 

which is a sharp inequality since the equality holds for CP™. This sharp up- 
per bound was also obtained by Bourguignon, Li and Yau [21 page 200] (see 
also the paper by Arezzo, Ghigi and Loi [1]). Theorem 11.21 gives us another 
proof of this sharp inequality ; moreover, we do not need any restriction on 
holomorphic immersions (see page II ip. 



^ We say that M is convex outside of D if after a perturbation of AI which is the identity 
outside of D we get a convex compact hypersurface. 
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For a complex submanifold M of CP"^^p of the complex dimension m, we 
have 

Vol(M) = deg(M)Vol(CP"'), 

where deg(M) is the intersection number of M with a projective p-plane in a 
generic position. Moreover, one can describe M as a zero locus of a family of 
irreducible homogenous polynomials and then deg(M) is the multiplication 
of degrees of the irreducible polynomials that describe M (see for example 
[TOl pages 171-172]). Therefore, we can rewrite Inequality ([5]). Since 

Afc+i(M,<7^jVol(M)^ = Afe+i(M,9^J (deg(M)Vol(CP'"))^ , 

hence, 

Afc+i(M,5^g)Vol(M)™ <C{m)deg{M)^k^. (7) 

One can now compare Inequality ([7]) with Inequality ([2]). 
This paper is organized as follows: In section [21 we present a more general 
and abstract setting and we illustrate its applications in Section [3] where 
we prove Theorem 11.11 In Section HI we consider algebraic submanifolds of 
CP^ and we prove Theorem 11.21 The method which is used in Section |4] to 
show Theorem 11.21 is independent from what we introduce in Sections [2] and 

El 
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2. A GENERAL PRELIMINARY RESULT 

This section is devoted to introduce a more general and abstract setting. 
It is an illustration of the metric construction introduced by Colbois and 
Maerten [8]. They introduced a metric approach to construct an elaborated 
family of disjoint domains in a metric-measure space (m — m space) X. 
Throughout this section the triple {X, d, fi) will designate a complete locally 
compact m — m space with a distance d and a finite and positive non-atomic 
Borel measure ji. We also assume that balls in (X, d) are pre-compact. Each 
pair (F, G) of Borel sets in X such that F d G \s called a capacitor. For 
F ^ X and r > 0, we denote the r-neighborhood of F by F"^ , that is 

F'' = {x £X : d{x,F) < r}. 

Definition 2.1. Given k, > 1, p > and N € N*, we say that a metric 
space {X,d) satisfies the {k^N; p) -covering property if each hall of radius 
< r < p can be covered by N balls of radius ^ . 



EIGENVALUES OF THE LAPLACIAN AND EXTRINSIC GEOMETRY 



5 



Lemma 2.1. ([8,, Corollary 2.3] and [7, Lemma 2.1]) Let {X,d,n) be an 
m — m space satisfying the {A, N ; p)-covering property. For every n € N*, 
let < r < p be such that for each x £ X, p{B{x,r)) < j^^- Then there 
exists a family A = {{Ai, A\)}^^]^ of capacitors in X such that 

(a) for each i, fi{Ai) > ^7^, and 

(b) the subsets {^[}"^^ are mutually disjoint. 

We define the dilatation of a function / : {X, d) — > M as 

\f{x)-f{y)\ 

dil(/) = sup ^ , 

xjty d{x,y) 

and the local dilatation at x G X as 

dilx(/) = lime^odil(/|B(^ ^)). 

When different distance functions are considered, dild(/) and dild^xif) stand 
for the dilatation and local dilatation at x associated with the distance d. 
A map / is called Lipschitz if dil(/) < 00. Let {M,g) be a Riemannian 
manifold and dg be the distance associated to the Riemannian metric g. 
A Lipschitz function on a Riemannian manifold M is differentiable almost 
everywhere and \Vgf{x)\ coincides with dilx{f) almost everywhere. Hence, 
|Vg/(x)| < dil(/) almost everywhere. 

Given a capacitor (F, G), let T{F, G) be the set of all compactly supported 
real valued functions on X so that for every tp € T{F, G) we have supp Lp C 
G° = G \ (9G and = 1 in a neighborhood of F. 

The following theorem relies on the construction given in the above lemma. 
It gives a construction of a family of disjointly supported functions with a 
nice control on their dilatations provided some conditions on the metric- 
measure structure are imposed. We will see its application in Corollary 

Theorem 2.1. Let positive constants p,p,L and N be given and (X,d,p) 
be an m — m space satisfying the (4, A^; p)-covering property and 

p,{B(x,r)) < Lr^, for every x £ X and < r < p. 

Then for every n G N* and every r < m.m{p, ^ ^N^Ln ) J" there is a family 
of n mutually disjoint bounded capacitors {(^i, ^[ )}"=!> of X and a family 
{fi\ of n Lipschitz functions with fi G T{Ai,A\) such that p{Ai) > 
and 

*<«^r (8) 

If the condition p{B{x, r)) < Lr^ is satisfied for every r > then we take 
p = 00. Hence, the first term at the right-hand side of the above inequality 
vanishes. 
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Proof of Theorem \2.1\ According to Colbois and Maerten's result (see Lemma 
12. ip . if the m — m space {X,d,fj.) has (4, A^; /9)-covering property, then for 
every r < p such that 

f^{B{x,r))<^, VxGX, (9) 

we have a family {(^j, of mutually disjoint capacitors of X with the 
desired property mentioned in the theorem. We claim that when r < 

min{/9, ^ 4^!j2n ) }' Inequality ([9]) is automatically satisfied. Indeed, 
according to the assumptions we have 

piBix, r)) < Lr^ < min{L/, ^} < f^- 

We now consider Lipschitz functions /j's supported on with fi{x) = 
1 — '^^^'^^^ on Al\Ai, fi (x) = 1 on Ai and zero outside of A[ . One can easily 
check that diid{fi) < p. Hence, we obtain: 

diW/,)<i + (4iV^L)*(-A^^"' 

This completes the proof. □ 

Let (M, g, fj.) be a Riemannian manifold endowed with a finite non-atomic 
Borel measure fi. We define the following quantity that coincides with the 
eigenvalues of the Laplace-Beltrami operator when coincides with the Rie- 
mannian measure fig. 

Xk{M,g,ij) :=infsup{i?(/) :/GL}, 
where L is a A;-dimensional vector space of Lipschitz functions and 

As an application of Theorem 12.11 in the Riemannian case, we have 

Corollary 2.1. Let {M,g,fj,) be a Riemannian manifold with a finite non- 
atomic Borel measure p, and the distance dg associated to the Riemannian 
metric g. If there exists a measure v and a distance d so that 

d{x,y) <dg{x,y), yx,y e M; (10) 

i^{A) < fJ,{A) for all measurable subset A of M, (11) 

and moreover, there exist positive constants p, p, N and L so that (M, d, v) 
satisfies the assumptions of Theorem \2.1\ then, for every /c € N* we have 
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Proof. Take (M, d, v) as an m — m space. According to Theorem 12. 11 for ev- 
ery 2k , we have a family of 2k mutually disjoint capacitors {(Fj, Gj)}?^]^ 
and 2k Lipschitz functions /j's such that for every 1 < i < 2A;, v{Fi) > 
and dildifi) satisfies Inequality ([8]). Here, we have jV^/l < dild^(/) almost 
everywhere. Since d < dg and u < fj. we get 

|V,/| < dil,^(/) < dil,(/) < - + (4iV2L)VP (^-^j , 

and 

zy(M) 



ANk 

.2k 



Since the support of /j's are disjoint and X]2=i/^(^i) ^ f^i^)? least A; of 

(M 



them have measure smaller than ^^^^ . Up to re-ordering, we assume that 



for the first k of the ^^'s we have 



MAD < 



Therefore, 



A(M, ff, /i) < max < max ( - + {AN^L)'^/^ 



P 



< 16N 



— + UN^L f/P ( 




I v{My 

and we obtain Inequality (jl2p . □ 



3. Eigenvalues of Immersed Submanifolds of 

In this section, we prove Theorem 11.11 Let S be an m-dimensional im- 
mersed submanifold of M"^"*"^, (with or without boundary). We recall that G 
is the Grassmannian of all m- vector spaces in M'^+p endowed with an invari- 
ant Haar measure with total measure 1. We define the mean intersection 
index of 5* as follows: 



i{S) := [ iH{S)dH, 
Jg 



where iuiS) := supp_|_j:/ {((5' fl P) and P is an affine p-plane orthogonal to 
H. 

Similarly, for every r > 0, we define the r-local intersection index of S by: 



Zr(5') := sup / iniS n B{x,r))dH, 
xg5 Jg 



where B{x,r) C M^^^ is an Euclidean ball of radius r centered at x. 

Let H £ G and tth : S ^ H he the orthogonal projection of S on H. The 

following lemma extends what is done in [6l Lemma 2.1]. 
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Lemma 3.1. Let S be an m- dimensional immersed submanifold o/M™"*"^, 
(not necessarily without boundary). Then we have 

Vol{S) < Cmi{S)Yol{MS)), (13) 
where Cm is a constant depending only on the dimension m of S. 

Proof. Since for almost all H ^ G, a point in iTHiS) has finite number of 
preimages, one can take a generic H and get 

/ T^H^H = / \OHix)\vs < / iHiS)vH = iH{S)Yol{TTHiS)), 

Js Js J-kh(S) 

where vs and vh are volume elements of S and H respectively and 

\Oh{x)\vs = T^hVH- 
Now, by integrating over G we get 

ZH(5)Vol(7rH(S))dH > [ dH [ \9h{x)\vs 
G Jo Js 



\9H{x)\dH\vs 

= /(G)Vol(5), (14) 

where /(G) := \9H{x)\dH. The last equality comes from the fact that 
I{G) does not depend on the point x (see [6l page 101]). We also have 

iH(5)Vol(^H(S))dH < supYol{TTH{S))t{S) 

G H 

< 2\o\(7: H,{SmS), (15) 

where Hq is an m-plane such that 2Yo[{t[ Ho{S)) > supj:^ Vol(7r//(S')). By 
Inequalities (fH|) and (fT5]) . we get the following inequality 

/(G)Vol(S) 



Vol(vrj,„(5)) > 



2i{S) 



This proves Inequality ([T3]) with Cm = j^- ^ 

Let M be an m-dimensional immersed submanifold of R'""'"^. Throughout 
the rest of this section, for every e > 0, stands for M \ D, where D is 
any open subdomain of M such that M \ L> is a smooth manifold with the 
smooth boundary and Vol(L') = eVol(M). 



Corollary 3.1. For all x G M'^+p and e > 0, we have 

Vol{M^ n B{x, s)) < ^M^v(Mf )s™, V < s < r; (16) 

Vol{M^ n B{x, r)) < ^M^z(Mf )r'", Vr > 0, (17) 
where B"^ is the m-dimensional Euclidean unit ball. 
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Proof. Replacing S by n B{x, s) in Lemma ISTTl we obtain 
Vol(Mf n5(x,s)) < --^i{M^ nB{x,s))Yol{TTH{M^ nB{x,s))) 

2Vol(i?-) . 
- I{G) ' ^ ' > ' ' 

where i?"* is the m-dimensional Euchdean unit ball. 
The last inequality comes from 

Vol {-KHo (Mf n B{x, s))) < Vol {-KHa {Bix, s))) < Vol(5'")s"" 

Since (Mf ) < v (Mf ) for ah < s < r and (Mf ) < i (Mf ) for all 
s > 0, therefore, we derive Inequalities (fT6]) and (fT7|) . □ 

Remark 3.1. Fore = 0, we have = M. Hence, we have the Inequalities 
n^) and (n^ for replaced by M. 

Proof of Theorem This theorem is a straightforward consequence of Corol- 
lary 12.11 We begin with giving candidates for a distance d and a measure fi 
such that the assumptions of Corollary 12.11 are satisfied. Let d = d^^ be the 
Euclidean distance in M'""'"^ and fi = ji^ where /j,^{A) is the Riemannian 
volume of ^ n . One can easily check that {M,d^^) has the (2,A^)- 
covering property where N depends only on the dimension of the ambient 
space Moreover, one can consider it as a function depending only 

on the dimension m (see [U page 106]). There also exists L > such that 
fi^{B{x,s)) < Ls^ for s < p. Indeed, we consider two cases: 

• Take p = r. According to Corollarv l3.H one can take L = ^^/'(^ ^ ^r{MP). 
Therefore, Corollary 12.11 implies 

A.(M)<»4+A,.^^i^(^) . (18) 

• Take p = oo. According to Corollarv l3.1l one can take L = ^ i{M^). 
Therefore, Corollary 12.11 implies 

A.(M)<g„ ^;_;^;,,,„, (y-,py) . (19) 



The left hand-sides of Inequalities (|T8|1 and (119]) do not depend on D. Hence, 
taking the infimum over D, we get Inequalities ([3]) and (jl]). □ 



4. Eigenvalues of Complex Submanifolds of CP 

In this section, we provide the proof of Theorem ll.21 Before going into the 
proof we need to recall the universal inequality proved by El Soufi, Harrell 
and Ilias which is the key idea of the proof. The following lemma is a special 
case of that universal inequality [U Theorem 3.1] (see also [5j): 
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Lemma 4.1. Let M™ be a compact complex manifold of complex dimension 
m and (f> : M ^ CP^ be a holomorphic immersion. Then the eigenvalues of 
the Laplace- Beltrami operator on {M, cf)* g^^) satisfy the following inequality: 

^(Afc+i - Xif < ^ ^{Xk+i - + c™), (20) 

i=l i=l 

where Cm = 2m{m + 1). 

Another useful result is the following recursion formula given by Cheng 
and Yang: 

Lemma 4.2. Corollary 2.1]) If a positive sequence of numbers fii < 
^2 < • • • < Hk+i7 satisfies the following inequality 

"^ilJ-k+i- f^if <^'^fJ'i{lJ'k+i- IJ-i), (21) 

then 



n 

i=l i=l 



l^k+i < (l + -)A;'/>i. 
n 

Theorem 4.1. Let M™" be a compact complex manifold of complex dimen- 
sion m admitting a holomorphic immersion (j): M ^ CP^. Then for every 
/c € N* we have 

Xk+i{M, (t>*gps) < 2{m + l)(m + 2)k^ - 2m{m + 1). (22) 



Proof of Theorem According to Lemma [4 .H the eigenvalues of the Laplace 
operator on M satisfy universal Inequality (pOl) . We replace Aj by /ij := 
Xi + Cm in Inequality ([20]) and we obtain: 

1=1 i=l 

One now has a positive sequence of numbers /Ui < < • • • < Aife+i that 
satisfies Inequality (j2ip with n = 2m. Applying the recursion formula of 
Cheng and Yang, we get the following inequality: 

/Xfe+i<(l + ;5^)A:'/'>i. (23) 
By replacing by Aj + Cm in Inequality (p3|) . we obtain: 



Afc+i(M,,/.%J < (i + l)(Ai(M,0*5^J + c„)fci/'"-c™. 
Since M is a compact manifold, Xi{M, (f)* (g^g) = 0. Therefore, 

Afc+i(M,r5^J < (l + -)c„A:i/™-c™ = 2(m + l)(m + 2)A;i/™-2m(m + l), 

m 

which completes the proof. □ 
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As we mentioned in the introduction, for /c = 1 we get a sharp upper 
bound: 

A2(M,</.*5^J < A2(CP"',ff^J=4(m + l). (24) 

In [2], Bourguignon, Li and Yau obtained an upper bound for the first 
non-zero eigenvalue of a complex manifold (M, u) which admits a full holo- 
morphic immersion (i.e. $(M) is not contained in any hyperplane of CP^) 
into CP^ as following: 

iV + 1 

\2{M,u) < im^^dm, M). (25) 

Here, (i([<&], [uj]) is the holomorphic immersion degree - a homological in- 
variant - defined by 



m 



where is the Kahler form of CP^ with respect to the Fubini-Study 
metric and uj is Kahler form on M. 

If one takes u = <I>*(a;^g), then d{[^], [u]) = 1 and we get Inequality as 
a corollary of Inequality ()25p . Theorem 14.11 gives us another proof without 
assuming the immersion to be full. 

For any full holomorphic immersion <I> of the surface with genus 7 
inequality [25] gives 

N + 1 

A2(S^,a;)Vol(S^,u;) < 4^^deg($(S^)). 
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